Introduction
The learning of price-volume dependencies is important, because it enables to get an insight into the structure of financial markets, and into the information arrival process. In addition, one can learn how information is disseminated among market participants.
There are two competitive hypotheses: the Mixture of Distribution Hypothesis (MDH hereafter) [1, 5, 8, 26] and the Sequential Information Arrival Hypothesis [6, 13] . While MDH implies contemporaneous price-volume relationships the Sequential Information Arrival Hypothesis assumes dynamic, causal dependence price-trading volume.
Under the Mixture of Distributions Hypothesis the time series of the volatility of stock returns and trading volume are positively correlated, but the time series of stock returns and trading volume do not show correlation. Most contributions involving price-volume dependencies were based upon the Pearson linear correlation coefficient, which does not allow the testing of extreme value dependencies. Fleming and Kirby [9] found a strong correlation between innovations and trading volume and volatility in the case of 20 firms on the Major Market Index (MMI). The results suggest that trading volume can be used to obtain more precise estimates of daily volatility for cases in which high-frequency returns are unavailable. Balduzzi et al. [1] using linear regression (with trading * AGH University of Science and Technology in Cracow, Department of Applications of Mathematics in Economics, e-mail: henryk.gurgul@gmail.com. Financial support for this paper from the National Science Centre of Poland (Research Grant DEC-2012/05/B/HS4/00810) is gratefully acknowledged. ** Jagiellonian University in Cracow, Institute of Economics and Management, e-mail: robert.syrek@ uj.edu.pl volume as a dependent variable) arrived at a low correlation between extremely low (below -4.09%) stock returns and trading volume for the American Index. Marsh and Wagner [15] tested tail relationships (the indexes under study were the AEX, CAC, DAX, HSI, FTSE, S&P500 and TPX) using extreme value theory. The authors found a lower degree of dependence in the left tail than in the right tail in the pair stock returns-trading volume. In one of more recent studies Gurgul et al. [12] modeled the dependence structure of log-volume and volatility (calculated as absolute values of stock returns) for eight stocks from the DAX. The results indicate a significant dependence between high values of variables and a lack of dependence for low values.
Rossi and de Magistris [24] using mixtures of copulas and survival copulas (Gumbel and Clayton) found that volatility and volume are more dependent for high values than for low. The volatility was computed using high-frequency data and realized volatility estimators. Ning and Wirjanto [18] using Archimedean copulas tested the degree of dependence of stock returns and trading volume for some Asian indexes. The presented results indicate that there is no dependence between low stock returns and high (low) trading volume.
A special kind of dependence is known as long-memory. (Robinson and Yajima [3] , Phillips and Shimotsu [20, 21, 22] , Shimotsu [25] ). If a time series possesses long memory, there is a persistent temporal dependence between observations even considerably separated in time. The long memory property of volatility has been widely documented in empirical research. This topic was discussed in Bollerslev and Mikkelsen [4] and Ding and al. [7] , among others. On the other hand, Lobato and Velasco [14] , Bollerslev and Jubinski [3] , Fleming and Kirby [9] , Rossi and de Magistris [19] found that trading volume also exhibits long-run dependence (long memory). The interesting question is the link between long memory in volatility and in trading volume.
The central question of our paper is the examination of dependence stuctures of stock returns, volatility and trading volumes of companies included in CAC40 and FTSE100. Moreover, we aim to test the MDH hypothesis in version with long memory. We will check the equality of the long memory parameters of volatility and trading volume and fractional cointegration of these time series.
In particular we will examine the existence of essential dependence between high volatility and high trading volume. The important goal of this study is the choice of proper copulas necessary to capture contemporaneous dependence structures of returns and trading volume. In addition, we will also compare the dependence structure of times series under study based on companies included in CAC40 and FTSE100.
The structure of the paper is as follows. The methodology and main notions applied are outlined in the following section. Third section is concerned with a description of the dataset. Empirical results and their discussion are provided in fourth section. Finally, in the last section we summarize major conclusions and suggest directions for future research.
Methodology

Long memory
The autocorrelation function (ACF) of time series with long memory tails off hyperbolically. The short-memory property is easy to detect by the low order correlation structure of a series. This type of time series is characterized by exponentially declining autocorrelations and, in the spectral domain, demonstrates high-frequency distribution. The standard ARMA-processes do not show long memory. They can only exhibit short run (high-frequency) properties.
The presence of long memory in financial data is a source of both theoretical and empirical problems. The long memory property arises from nonlinearities in economic data. The well-known martingale models of stock prices cannot follow from arbitrage, because new information cannot be entirely arbitraged away. A second problem caused by long memory is pricing derivative securities with the martingale method. This method is usually false if the accompanying stochastic (continuous) processes exhibit long memory. The process X t has a degree of fractional integration d (we write I(d)), when:
where L is a lag operator (LX t = X t -1 ) and u t is a process with a short memory. The expression 1( -L) d is presented in the form of the infinite series:
where (x) is the Gamma function. The process ARMA ( ) is defined as: There are many different estimators of long memory parameter d (Phillips and Shimotsu [21] ). We use the exact local Whittle estimator (Phillips and Shimotsu [20, 22] , Shimotsu [25] ). Following (2.1) we get:
Discrete Fourier transformations and periodogram of t are defined as:
, where 2 ,
Supposing that process X t is covariance stationary and spectral density function f( ) fulfills the condition f( )~G -2d
, if + , Phillips and Shimotsu [20] minimize the function:
The ELW estimator of long memory parameter d is then: 1 2 arg min , 
Fractional cointegration
Stationarity is a crucial precondition for standard linear Granger causality tests. Nonstationarity of the time series under study may lead to false conclusions by a traditional linear causality test. This phenomenon has been investigated in previous empirical (Granger and Newbold [11] ) and theoretical (Phillips [19] ) deliberations which led to a cointegration analysis.
A cointegration analysis (based on the estimation of a VEC model) may be performed for variables which are integrated in the same order. As shown by Granger the existence of cointegration implies long run Granger causality in at least one direction (Granger [11] ). To establish the direction of this causal link one should estimate a suitable VEC model and check (using a t-test) the statistical significance of the error correction terms. Testing the joint significance (using an F-test) of lagged differences provides a basis for short run causality investigations.
The classical definition of cointegration can be generalized as for any d and [23] consider the case of stationary variables, whereas Nielsen and Shimotsu [17] analyse the case of covariance nonstationary variables too. The model under consideration is given by (Shimotsu [25] ):
where u t = (u 1t u 2t )' = C(L) t is a bidimensional stationary vector with spectral density f u ( ). In matrix notations (2.3) has the form:
The rank of the matrix C(1) determines whether the processes y t and x t are cointegrated. Denoting as r the number of cointegration vectors, the rank of C (1) is equal to 2 -r 2. If the variables are cointegrated, then C(1) does not have full rank.
The fractional cointegration can be tested as follows. Firstly using Whittle estimators long memory parameters are estimated, and then a test of their equality is performed. Let d * be the common value of the long memory parameters of series x t and y t (with parameters d 1 and d 2 , respectively). When testing:
test statistics of Robinson and Yajima [23] has the form:
whereas Ĝ is expressed as: 
where
whereas m 1 is the function of n. The value of d * is unknown, so it is computed as the mean of the estimated long memory parameter values of x t and y t . Finally G d * is computed.
Dependence between volatility and trading volume
In this subsection the methods of the dependence structure analysis of volatility and trading volume is described. Using copulas we can model the degree of dependence in the tails. i.e. for extreme values.
Having estimated long memory parameters to filter the time series we can use FIVAR models (Rossi and de Magistris [24] ). We should transform the series using formulas:
As a result we obtain stationary time series I(0). Then, we apply a VAR (k) model to capture linear dependencies. This model for vector P t = (X t Y t )' can be described as :
where 0 is the vector of intercepts.
is the matrix of parameters All of the distribution functions presented above are special cases of generalized hyperbolic distributions.
Copulas
Copulas reflect the dependence structures among financial variables. We use in empirical part Gaussian copula, Archimedean (Clayton and Gumbel) copulas, survival copulas and their convex combination (Nelsen, 1999) .
The Gaussian copula (or normal copula) is given by:
where is bivariate normal distribution with correlation coefficient 1 and denotes standard univariate normal distribution function.
The Clayton copula is given by: 
.
The Gumbel copula is given by:
The Gumbel and survival Clayton copulas describe asymptotic dependence in the right tail, and Clayton and survival Gumbel in the left tail. To model the dependence in both tails simultaneously one can use mixtures of copulas.
We consider the following copulas: 1.
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The copulas that fit the best are chosen using information criterion. The correctness of the copula specification are validated by an Anderson-Darling test applied to the first derivative of copulas:
The classical Archimedean copulas (and survival copulas) defined above (volatility-trading volume pair) can be applied only to modeling dependence in the top-right corner (high returns-high volume). To model relationships -C it holds true that:
The copula C (180) is of course the survival copula for C. The domain of copula parameters (C (90) and C (270) ) are symmetrical in respect to zero so the parameters are negative. As formerly, mixtures of copulas can be used to model dependence in both top corners simultaneously. (1 . )
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Using the reviewed methods we will check in different aspects links between returns and trading volume. In the next section we will show the dataset.
Data description
We consider the prices and trading volumes of stocks from the French (CAC40) and the English (FTSE100) indexes from 1 October 2002 to 1 October 2012. The dataset comes from Thomson Reuters data services and covers a period of 2610 tradfrom Thomson Reuters data services and covers a period of 2610 tradcovers a period of 2610 trading days. Throughout the paper stock returns were approximated by log-returns.
Descriptive statistics
Using daily prices at close we computed logarithmic stock returns and multiplied them by 100. The series of trading volumes are mostly leptokurtic and positively skeweed so we apply a logarithmic transformation. As a result, the returned series are close to normal. The Tables 1 and 2 present the descriptive statistics of the log-returns, volatilities (square of log-returns) and log-volumes. For all stocks under consideration we observe significant skewness and excess kurtosis in stock returns. The null hypothesis about normality by the JarqueBera test is rejected in all cases. Some of the log-volume series have a kurtosis close to 3, but the non-zero skewness causes a departure from normality in the series. The null hypothesis about lack of autocorrelation by the Ljung-Box test is also rejected. Using regression we may remove, if necessary, any deterministic trend from the series of log-volumes to achieve trend-stationary time series. Additionally, we use dummy variables in order to describe calendar effects i.e. the effect of the month in the year and the day in the week in the log-volume series. The time series of volatility are far from normal because of high values of the kurtosis and skewness (positive in all cases).
Empirical results
Results of long memory and fractional cointegration estimation
Based upon the methodology presented above we computed the long memory parameters of the time series (Robinson and Yajima [23] , Phillips and Shimotsu [20, 21, 22] , Shimotsu [25] 
In the Tables 3 and 4 we present the results of the estimation of long memory parameters: .635, at significance levels of 10%, 5% and 1%, respectively, in twelve cases there is no reason to reject the null hypothesis of the equality of estimated long memory parameters.
In the case of English stocks
for 69 stocks. 96 long memory parameters of volatility are significant (at 0.1 significance level). The same conclusion is valid for 83 parameters for log-volumes. Some of the parameters are negative and close to zero. There is no reason to reject the null that they equal to zero. The null hypothesis of parameter equality is rejected for about 70% of stocks. Based upon the results above we analyzed the problem of the fractional cointegration of volatility and trading volume. We estimated the eigenvalues 1 . In the tables below we present the results of the estimation of long memory parameters in detail and the fractional cointegration tests.
The descriptions of the columns of Tables 4 and 5 below refers to notations described in the section Methodology (Fractional Cointegration). Table 4 Fractional cointegration (CAC40) Fractional cointegration (FTSE100) 
Results of estimation of dependence between volatility and trading volume
The best fitted distributions are chosen using goodness of fit tests and information criteria. In most cases the distributions that fit best are NIG and t-locationscale distributions (hyperbolic distribution was fitted for only a few log-volume series of English stocks). Next, using selected distributions we transform the series to get uniformly distributed variables (comp. Fig. 1 ). Because of the large number of companies under investigation, the figure below presents only chosen (but typical) examples of dependence structures of volatility and trading volume that are modeled using copulas. The left column contains examples of stocks from the CAC40 (ALSTOM, CARREFOUR, VINCI), the right from the FTSE100 (ASTRAZENECA, KINGFISHER, TESCO).
There are concentrations of points in the bottom-left and top-right corners i.e. extremely low and extremely high values of volatility and trading volume occur together. To describe these patterns we apply a Gaussian copula, Archimedean copulas, survival copulas and their convex combination describe above.
The Tables 6 and 7 contain the results of the estimation and dependence measures. 1 and 2 are the parameters of copulas used in mixtures, first and second, respectively. We compute the Kendall correlation coefficient using convex combinations of copulas. Tail dependence coefficients, denoted by U (upper) and L (lower) are scaled with a mixture parameter . The symbols of copulas used refers to these from section Methodology (Copulas). Table 6 Estimation results of dependence for pair For the most part the mixture sCl Gauss C C fits the data best for stocks traded on the CAC40. In some mixtures the estimated parameters were on a boundary, so these copulas were simplified and one-parameter copulas were used instead. On the whole, for English stocks the survival Clayton copula best fits the dataset. In the table below we present the statistics of the dependence measure of all stocks under consideration. The dependence in the right tail (for extremely high values) is stronger than in the left tail (extremely low values). This is because of the high values of mixture parameter omega. So dependence in the right tail is dominant. The conclusions drawn for English stocks are analogous. Dependence in the right tail is stronger.
Analysis of dependence between stock returns and trading volume
We use VAR models applied to stock returns r t and trading volumes t logV (long memory was removed from the series). To describe the heteroscedasticity observed we use a GARCH type model. As in the previous section we fitted some distributions for the residuals of the VAR models. Additionally, we considered GED and skewed t distributions. For the residuals of the equation for stock returns GED and skewed t distributions were generally. As with the results of the VAR models, for the pair volatility-volume, generally NIG distributions and the t-location scale were fitted for trading volumes. There is a clustering of points in the top corners, which means that extremely a high trading volume is interrelated with high stock returns (positive and negative). The concentration of points for u 1 u 2 < 0.5 is a sign of low trading volume linked with low volatility (stock returns close to zero).
The computation results corroborate the observation made above. We computed Kendall correlation coefficients for the whole sample and in all corners (for quantiles 0.01 and 0.99). When using whole samples, the correlation between stock returns and trading volumes of companies are close to zero. For some companies, in spite of their significance the computed values are small. For all companies under study, there is no correlation for the pairs low stock returns-low trading volumes and high stock returns-low trading volumes. The correlation coefficients u 0.01, 0.99 are significant for the majority of the sample and greater than 0.1 To sum up, even using rank correlation coefficients it is impossible to model dependence structures. One can model relationships for negative and positive returns separately but it is not then obvious what is the ratio of the correlations. Moreover, the correlations presented above are not equivalent to tail dependence coefficients.
The Tables 8 and 9 contain the results of the estimation of the parameters of the mixtures (absolute values of parameters are given) along with dependence measures upon copulas.
The coefficient HH describes the asymptotic dependence between extremely high positive stock returns and extremely high volume, whereas LH is related to extremely low stock returns. These coefficients are computed using mixing parameters. As in the previous section, 1 and 2 are the parameters of copulas used in mixtures, is the Kendall correlation coefficient and is the mixture parameter. The dependence structures in the analyzed corners are not unique. For 15 out of CAC40 companies the dependence between the pair high returns-high trading volume is stronger than that between low returns-high volume. English stocks are characterized mostly (in 59 cases) by the strongest high returns-high volume dependence.
Conclusions
We analyzed the dependence stuctures of stock returns, volatility and trading volumes of companies listed on the CAC40 and FTSE100. Additionally, we tested the MDH with long memory i.e. the equality of the long memory parameters of volatility and trading volume and fractional cointegration of these series. With some exceptions the estimation results of long memory parameters show that the series under study are stationary.
Moreover, taking into account the lack of fractional cointegration, the extended hypothesis is rejected in all cases. This means that a common long-run dependence does not exist. In other words, the series are not driven by a common information arrival process with long memory.
The correlation between volatility and trading volume is present for almost all stocks of companies under investigation. There exists a significant dependence between high volatility and high trading volume. In general dependence is stronger for the French than for the English stocks.
It was noted that the classical correlation coefficient (even rank correlation) does not allow the capture of the specific dependence structures of returns and trading volume. Using mixtures of rotated copulas and a Kendall correlation coefficient based upon them, extreme return-volume dependence was investigated. In the case of CAC40 companies we can conclude that high trading volume is not correlated as frequently with high stock returns as with low stock returns. For companies listed on the FTSE100 high stock returns are mostly related with high trading volume.
